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Abstract: We find half-BPS vortex solitons, at both weak and strong coupling, in 
the A/" = 6 supersymmetric mass deformation of ABJM theory with U {N) x U {N) 
gauge symmetry and Chern-Simons level k. The strong coupling gravity dual is 
obtained by performing a quotient of the Af = 8 supersymmetric eleven dimen- 
sional supergravity background of Lin, Lunin and Maldacena corresponding to the 
mass deformed M2-brane theory. At weak coupling, the BPS vortices preserving six 
super symmetries are found in the Higgs vacuum of the theory where the gauge sym- 
metry is broken to U{1) x U{1). The classical vortex solitons break a colour-flavour 
locked global symmetry resulting in non-Abelian internal orientational moduli and 
a CP^ moduli space of solutions. At strong coupling and large k, upon reduction to 
type IIA strings, the vortex moduli space and its action are computed by a probe 
DO-brane in the dual geometry. The mass of the DO-brane matches the classical 
vortex mass. However, the gravity picture exhibits a six dimensional moduli space 
of solutions, a section of which can be identified as the CP^ we find classically, along 
with a Dirac monopole connection of strength k. It is likely that the extra four 
dimensions in the moduli space are an artifact of the strong coupling limit and of 
the supergravity approximation. 



1. Introduction 



The study of vortices with non-Abehan, internal orientational degrees of freedom, 
has revealed beautiful connections between their moduli space dynamics and fea- 
tures of the gauge theory they live in [|l], ||, ^, ^. Typically, such classical solutions 
occur when the non-Abelian gauge symmetry is spontaneously broken, and crucially, 
there exists a "colour-flavour locked" global symmetry in the vacuum. A vortex so- 
lution breaking this colour-flavour symmetry then gives rise to a continuous family 
of classical solutions which proves to be useful in extracting vortex dynamics in the 
moduli space approximation. In this paper we will investigate Chern-Simons vortex 
solitons in 2+1 dimensions, carrying non-Abelian internal orientational zero modes. 
The theory we consider is a mass deformation of the Af = 6 supersymmetric ABJM 
theory |^ preserving all supersymmetries |^. 

Vortex solitons in Abelian and non-Abelian Chern-Simons theories have been 
widely studied in both relativistic and non- relativistic settings 0, g |, |10], |ll], |l| 



Detailed reviews of these can be found in [13, 14|. More recently, the moduli space 



dynamics of (supersymmetric) non-Abelian Chern-Simons vortex solitons with inter- 



nal collective coordinates, was analyzed in |15, 16, 17, 18|. It was already noted in 



1^ that the Chern-Simons action induces terms which are first order in time deriva- 
tives in the moduli space effective description of the vortex. Specifically, the authors 
of |T^ demonstrated that the effect of the Chern-Simons coupling on the moduli 



space quantum mechanics of SUSY non-Abelian vortices, is to induce a coupling to 
a magnetic field JF which could then be given a geometric interpretation in terms of 
the first Chern character of an index bundle over the moduli space. 

One of our main motivations is to study the semiclassical, solitonic objects arising 
in the context of the recently discovered A/" = 6 superconformal ABJM theory |^ in 
2-1-1 dimensions. The theory has a U{N) x U (N) gauge symmetry with matter in the 
bifundamental representation and a level [k, —k) Chern-Simons action for the gauge 
fields. It describes the world-volume dynamics of multiple M2-branes moving in a 
C^/Zjt orbifold background in M-theory. The ABJM proposal followed the seminal 
works of Bagger-Lambert and Gustavsson (BLG), which first proposed the 



Af = 8 superconformal theory on multiple M2-branes probing fiat space. 

We will see that the ABJM theory, when deformed by a particular supersym- 
metric mass term, admits finite energy, non-Abelian Chern-Simons vortex solitons. 
What makes the situation particularly interesting is that the soliton dynamics can 
now be explored in two different regimes of the field theory: one in which semi- 
classical analysis is valid and another wherein the theory is strongly coupled and is 
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described by a dual gravitational background. The study of vortices in these two 
regimes, including the construction of the classical solution and obtaining the dual 
gravity description at strong coupling, will be the subject of the paper. Using these 
two approaches we confirm the general picture of |16, while also encountering 
certain unresolved puzzles. 



Various nonperturbative objects have been found in BLG and ABJM theories. 
Monopole instantons in ABJM theory have been studied in p2[. Vortex solitons have 
been already studied in mass deformed BLG theory in |23, 24|. The solution found 
in [ 



has a topological winding and a mass that is twice the one found in [24 



Vortices in mass deformed ABJM have been studied in 25 ; those solutions can be 



interpreted as higher winding solutions with respect to the ones that we will study 
in this paper. Vortices in the non-relativistic limit of ABJM have been studied in 



Both the BLG theory in 2+1 dimensions and the ABJM theory admit mass 
deformations breaking conformal invariance, but preserving all of their supersymme- 
tries [^, |2^, |2^, P]. In particular, the maximally supersymmetric mass defor- 
mation of the ABJM theory was obtained in [^, ^ and the analysis of its classical 
vacuum structure revealed a discrete set of vacua 0^. This deformation breaks the 
SU{4) X U{1) global symmetry of the ABJM theory to SU{2)xSU{2) x U{1)a x U{1)b. 



We focus our attention on one of these classical vacua which we expect to be 
perturbatively accessible for large k (and N/k ^1), and we refer to this vacuum as 
the "Higgs vacuum". Here the U{N) x U{N) gauge group is broken to U{1) x f/(l). 
We find that this vacuum admits classical vortex solutions carrying both electric 
and magnetic charge. Importantly, the Higgs vacuum exhibits a global SU{2) x 
SU{2)c+F X U{1)b X U{1)a symmetry, where the second SU{2) factor arises via a 
combination of (broken) flavour SU{2) rotations and global gauge transformations. 
This colour-flavour locked transformation acts non-trivially on our vortex solution 
which breaks SU{2)c+f to U{1)c+f, resulting in a CP^ moduh space of solutions. 
We are able to construct the classical solutions for all A^, and show that they have 
finite energy and that they are BPS. We explicitly check that the solutions are 
invariant under six supercharges and are |-BPS states with a mass given by fc/i, 
where fi is the mass deformation parameter of the theory. 

The topology of the vacuum manifold Ai in the Higgs vacuum is non-trivial, 
7ii{Ai) = Ztv, and the vortex solitons carry a Z^v charge. However, they are actually 
stabilized also by a global U{1)b charge which is quantized to be a multiple of k 

potential discrepancy was also noted, since the classical vacuum states of the mass deformed 
theory are more numerous than expected from the supergravity dual. 
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and which is not carried by the perturbative states in the theory. Thus an 
iV-vortex state cannot annihilate into the vacuum. Although the vortex solution 
is straightforward to obtain, its low energy dynamics on the moduli space appears 
technically challenging to derive from first principles. On general grounds, at weak 
coupling, since the solutions preserve six supersymmetries and the moduli space of 
solutions we have found is an S"^, we expect the moduli space dynamics to be governed 
by supersymmetric quantum mechanics on a sphere. However this leaves unclear, 
the effect of the Chern-Simons terms on this quantum mechanics. 



To learn more about the soliton dynamics we turn to the other parametric regime 
where the mass deformed ABJM theory is tractable. This is the strongly coupled, 
large limit, namely A^ — oo, with N/k large. In this limit the Af = Q supercon- 
formal ABJM theory is dual to eleven dimensional supergravity on 74^5*4 x S"^ fZ^ 
obtained by a particular quotient of the AdS^ x S*^ solution dual to the J\f = 8 
superconformal theory. We deduce the gravity dual of the mass deformed ABJM 
theory by performing a similar quotient on the background dual to the maximally 
supersymmetric mass deformation of the A/" = 8 superconformal M2-brane theory. 
The latter background, preserving Af = 8 SUSY, and 5*0(4) x SO {4) symmetry, was 



obtained in |27, pOl. In the fermion fluid language of Lin, Lunin and Maldacena [2£ 



the vacua of the 5*0 (4) x 5*0 (4), Af = 8 theory are in one to one correspondence with 
partitions of A^ and are represented by states of free fermions. The Higgs vacuum is 
the trivial partition and is a highly excited particle state in the fermion picture. This 
can be interpreted as the geometry generated by a dielectric M5-brane carrying A^ 
units of M2-brane charge and wrapped on one of the two S^^s in the 5*0 (4) x SO (4) 
invariant geometry. 



The quotienting of the SO (4) x 5*0 (4) background above, by the action, 
yields the Higgs vacuum of the mass deformed ABJM theory, preserving an SU{2) x 
SU{2) X U{1)a X U{1)b symmetry. For large k (such that N/k is fixed and large), 
we can reduce the geometry to type HA string theory. The type IIA geometry 
asymptotes to AdS4, x CP^ and contains two spheres 5^ and S"^, each associated to 
one of the two SU{2) factors of the isometry group. The Higgs vacuum corresponds 
to a dielectric D4-brane wrapping S"^ [^]. The presence of the dielectric D4-brane 
can also be directly inferred from a fuzzy sphere interpretation of the classical VEVs 

The general picture bears a strong resemblance to the 
5), although the geometries in the present situation are 
completely non-singular. Non-Abelian vortices in the Af = 1* theory where studied 
in 1361, 



in the Higgs vacuum 
X = 1* theory H, ||, 



The vortex soliton in the Higgs vacuum is a DO-brane probe in the above geome- 



3 



try^. Surprisingly, we find that the probe mass is minimized along a six dimensional 
submanifold P, preserving the reduced set of isometries. The value of the probe 
mass along the moduli space V matches the value /ifc deduced classically. The probe 
moduli space V can be viewed as S"^ x S"^ x fibred along a segment C, where the 
is also non-trivially fibred over the two S'^'s. The topology of a section at a generic 
point of the segment is S"^ x S^. At the two tips of C, the three-sphere shrinks to 
zero ^ and the section is given by a two-sphere. We identify the tip where the 
obtained by fibering 5*^ over S"^ shrinks as the moduli space of vortex solutions we 
saw at weak coupling. The probe dynamics in this section of V is that of a particle 
on S"^ of radius \/k/2 coupled to a Dirac monopole connection of strength k. The 
radius of the sphere also matches that of the fuzzy sphere from the classical analysis 
of the Higgs vacuum. The effect of the Chern-Simons interactions on the moduli 
space of the soliton, is to induce a Dirac monopole connection. This picture is in 
agreement with the general results of [|1^, |T^. However, the full six dimensional 
moduli space at strong coupling presents a puzzle, and does not appear to have a 
simple interpretation in terms of the soliton solutions we found at weak coupling. 

The paper is organized as follows. In Section 2, we review the essential features of 
the ABJM theory and its mass deformation, their symmetries, vacuum structure and 
equations of motion. Importantly, we describe the origin of the colour-flavour locked 
symmetry in the Higgs vacuum. In Section 3, we present our ansatz for the vortex 
soliton solutions for general and discuss their stability and verify explictly that they 
are left invariant by six supersymmetries. In Section 4, we turn to the gravity dual of 
the mass deformed ABJM theory. We first review the basic features of the SO {A) x 
5*0(4) symmetric solution of [^, ^ and then explain the quotienting procedure 
that yields the mass deformed ABJM theory. The DO-brane probe dynamics and 
its moduli space are then deduced straightforwardly. We summarize our results 
and conclusions in Section 5. In Appendix A the vortex fermionic zero modes are 
discussed for A^ = 2. 

Note Added: While this paper was being completed, a closely related preprint 
arXiv:0905.1759 [hep-th] appeared, which overlaps with our classical field theory 
analysis of the vortex solitons. 



^In the D-brane picture, the dielectric D4-branc will have a B-field along its worldvolume 
directions. This allows a DO-brane to form a bound state with the D4, corresponding to a non- 
commutative U(l) instanton in 5 dimensions, and appear as a vortex in the non-compact 2+1 
dimensions. 

^We thank D. Tong for drawing our attention to this. 
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2. Mass deformed ABJM theory 



The bosonic part of the Lagrangian of the ABJM theory is given by a U{N) x U{N) 
Chern-Simons theory, coupled to bifundamental matter with a scalar potential. The 
Chern-Simons levels associated to the two gauge groups are +k and —k respectively. 
In A/" = 2 superspace notation the ABJM superpotential for the bifundamental mat- 
ter fields reads 

W = '^TT{Q\RyQ''{Ry - Q\RyQ^{Ry) . (2.1) 

where Q" and i?" transform in the (N, N) representation of the gauge group. The 
global SU (4) R-symmetry becomes explicit upon introducing the fields 

= iQ\Q^R\R'), (/ = !,... 4), (2.2) 

and the bosonic part of the ABJM Lagrangian becomes 

-Cbosonic = ^e^'^Tr (^A^d.Ax + jA^A.Ax - A^d.Ax - jA^A.Ax^ (2.3) 
-Tr|D^CY + ^Tr (c^CjC^ClC^C]^ + &C]C^C^kC^C\+ 



K ' 



which is manifestly invariant under the SU{A) R-symmetry associated to A/" = 6 
super symmetry. The covariant derivatives on the bifundamental fields are defined as 

D^'C^ = + lA^'C^ - i&A^" . (2.4) 

The fermionic part of the Lagrangian is, 

Aermionic = 'l Tr (^t)/^M^^^^ + X " i'^^^YC'Cl^J (2.5) 

-2C]C^(^t)/^^ + 2(V'+)-'C^C>/ + e^-^^^C.VjCi^z. 

The conventions for 7- matrices are as in p9| : 

r = i^cr2,a,,a3). (2.6) 

To raise and lower spinor indices the e"^ symbol is used, with e^^ = —e^ = 1. The 
charge conjugation on spinors is given by ip'^ = ip* . The metric choice is g^j_y = 
diag(-l, +!,+!). 

In [^], a mass deformation of the ABJM theory was found which preserves all the 
supersymmetries and breaks the SU{A)fi x f/(l) global symmetry down to SU{2) x 
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SU{2) X U{1)a X U{1)b X Z2. The Z2 action swaps the matter fields and i?", 
while the SU{2) factors act individually on the doublets {Q"} and {-R"} respectively. 
The U{1)a symmetry rotates with a phase +1 and i?" with a phase —1. This 
perturbation can be written as a superpotential in the M = 1 superfield formalism 
discussed in |Q. The R-symmetry group is SU{2) x SU{2) x U{1)a- This mass 
deformed theory is an example of three dimensional supersymmetric theory with 
the so called "non-central" term in the supersymmetry algebra HO, HT| ; this means 



that the anticommutator of the supercharges closes not only in a combination of 
momentum generators and central charges, but also in generators of the R-symmetry. 
The expression in component fields is: 

5£^ass = /w'Tr(g"Ql + R^Rl) + ^TYiQ^^Qlgf^Q^^ - R^rIr^R\{} - (2.7) 

-i /i Tr(^J^i + ^1^2 - XiXi - X2X2) , 

where ipj = (^1, ^1, Xi? X2)- The scalar potential of the mass deformed theory can be 
written in a compact way as 

V" = Tr(|M°p + |iV°H, (2.8) 

where 

= /iQ" + ^(2Q["Q|3g^] + i?^i?jQ" - Q'^rIr'^ + 2Q^4i?" - 2i?"4Q^) , 
AT" = + ^(2i?["4i?^] + Q^qIr" - R'^QIQ^ + 2R^qIQ'' - 2Q''Q\r'^) . 

K 

It is also possible to consider the theory with gauge group SU{N) x SU{N). In 
this case for = 2 we recover the Bagger-Lambert theory pO|. The U{1)b global 
symmetry of the SU{N) x SU{N) theory, is given by the baryon number (under 
which {Q°',R°') have charge -|-1). 

In the U{N) x U{N) gauge theory the naive baryon number symmetry is gauged 
by a gauge field Ab corresponding to the off-diagonal combination of the two Abelian 
factors in U{N) x U{N). The remaining Abelian symmetry U{l)i acts trivially on 
all the matter fields and couples to the theory through the Abelian Chern-Simons 
interaction Scs = ^ ^1- Hence there is another U{1)b global symmetry gener- 
ated by the current *Fi which is related by the the equation of motion for to the 
U{\)h current, 

Jf, = -^e^„pF-^'' . (2.9) 

The fiux quantization condition on Fj^ implies that the U{1) b charges are quantized as 
integer multiples of k. In the ABJM theory, the chiral primary operators made from 
elementary fields, of the form Tr((C/Cj)^), do not carry this U{1) b charge. Gauge in- 
variant operators carrying the quantized baryon number correspond to combinations 
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of the form C along with 't Hooft operators. The presence of this global charge 
under which elementary states are uncharged will be important for the stability of 
the vortex solitons we find in the mass deformed theory below. 



2.1 Vacua and symmetries 



After mass deformation, the ABJM theory has several isolated classical vacua pre- 
serving different amounts of gauge symmetry. These were obtained in ||^. As in 
the case of the Af = 1* theory in 3 + 1 dimensions ||3^, classical vacua may be 
enumerated by finding block diagonal solutions to the F-term vacuum conditions. In 
this case, for the scalar potential to vanish we must have 



0. 



(2.10) 



These equations have simple solutions if we assume that either = or = 0. In 
the following we will concentrate on some configurations with = 0. This choice 
breaks the discrete Z2 symmetry. The potential for such configurations is 

2 



V = Tt 



(3^ 



(2.11) 



We consider the following vacuum, which corresponds to an x irreducible 
solution and we will call this the Higgs vacuum, 

/ \ 




\ 



\ 




. 

V2 
10/ 



In this vacuum the gauge symmetry is almost completely broken by the VEV 



2.12) 



U{N) X U{N) ^ U{1\ X f/(l). 



(2.13) 



It is a trivial fact that the U{l)i factor cannot be broken, because it couples to the 
other fields of the theory just through Chern-Simons interactions. If we label the 
two different gauge groups as U{N)i and U{N)r, the Higgs vacuum configuration 
breaks U{l)b and the SU{N)r C U{N)ji. The unbroken f/(l) gauge symmetry is a 
particular combination of the U{l)b with a diagonal generator of the SU{N)l gauge 
group which acts on from the left. All other generators of SU{N)l are broken. 
The unbroken generator is 



iTi = Diag(l,0,...,0). 



(2.14) 
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The global SU{2) symmetry acting on the doublet {Q ,Q ) is also broken. 

Similar to the case of the A/" = 1* theory, the above solutions can be interpreted 
as fuzzy complex coordinates, which can be decomposed into real (Hermitian) coor- 



dinates Xp as in ||39 



Q^=X^+iX'^, Q^=X^ + iX^. (2.15) 
The Higgs vacuum configuration implies that 

QlQ" = i(iV-i)^ (2.16) 

which formally resembles a fuzzy equation. However, due to the fact that 
is Hermitian implying that X^ = 0, one suspects that the configuration actually 
describes a fuzzy two sphere. This latter picture has been confirmed in Qual- 
itatively the situation is somewhat similar to the Higgs vacuum of the A/" = 1* the- 
ory characterized by such a fuzzy sphere configuration which breaks both a global 
flavour symmetry and the gauge group. There, a combination of the broken gauge 
and flavour generators can be shown to generate a "colour-flavour" locked symmetry 
[^, |3^ which leaves the VEVs invariant. 



One expects therefore that the Higgs vacuum of the mass deformed ABJM the- 
ory should have an unbroken global symmetry which is a combination of the broken 
gauge transformations and the broken global SU{2) symmetry that acts on the dou- 
blet iQ^jQ"^)- Indeed, we find such a colour-flavour locked global symmetry of the 
vacuum. 

For every A^, there is a special combination of the broken global symmetry and 
of the broken gauge symmetry which is left unbroken by the VEV. Let us first denote 
the three generators of SU{2) in an irreducible representation of dimension m, as 
(with a = 1 ... 3) 

Now consider the following SU{2) global transformation , acting on the Q": 



2 1 Up. [^,] Up = exp {laj^) . (2.17) 



It can be checked that such a global transformation of the VEVs can be undone by 
embedding the global rotation into (constant) SU{N)l x SU{N)ji gauge transfor- 
mations: 

Q^^WlQ^wJ^ (2.18) 
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where 



Wr 



exp (miJ^.i - ia2Jff_i - ioi3Jff_^) 



(2.19) 



Wr = exp [-iaiJlj + ia2JN + ^^s-Zat) • 



Note that it is only the broken gauge transformations which are involved in the colour 
rotation. We denote this unbroken "colour-flavour" locked symmetry as SU{2)c+f- 
Thus the Higgs vaccum of the mass deformed ABJM theory has this symmetry 
and excitations around this vacuum should fall into multiplets of the SU{2)c+f 
symmetry. A nice explanation of how this embedding of global rotations in the 
gauge group is made possible, is given in p2[ ^. We will be interested in vortex 



solitons in this vacuum and the existence of the colour-flavour locked symmetry has 
interesting implications for the solitons. 



2.2 Equations of motion 



The classical picture for the vacuum states of the theory above and the classical 
solutions we now look for, will only be valid in the weakly coupled regime which in 
turn implies ^ 1. Since the ABJM theory has no Maxwell terms for the gauge 
fields, the equations of motion for the gauge field yield Gauss law type constraints. 
These are of the form 

^^^""F,, = I ((Q")(Z}'^g°)t - (D'^Q°)(Q-)t) , (2.20) 

^e^'^'K = ^ ((i^^Q")^(g") - (g")^(/^'^g")) , 

where the field strength is defined as: 

F^.u = d^A, - d,A^ + i[A^, A,] . (2.21) 

Finally there are the second order equations of motion for the scalar fields Q", with 

^As explained in ||3^, the set of matrices — jf^QaQ^ are generators of U{2). If we further 
define Ji = {(jf )'^ Jj^, it is easily checked that these satisfy SU{2) commutation relations. The 
Ji transform as adjoints of the U{N)ii gauge symmetry and provide an A'^-dimensional irreducible 
representation of the SU{2) algebra. One may do the same with the matrices j£ = ^Q^Qa and 
define Ji = (cr,)^ J^. These furnish an N— 1 dimensional irreducible representation and are adjoints 
under the U{N)]^ gauge symmetry. The action of these generators of the gauge symmetry on the 
bifundamentals precisely matches a global SU (2) rotation. 
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the ansatz = 0, 



D^D^Q^ = I^W' + ^ {W\QyQ^ - Q^iQyw') + (2.22) 

+tf^{Q\QyQ'-Q'{QyQ') + 



+^ {Q\QyQ\QyQ' + Q'iQyQ'iQ^Q' + Q'{QyQ'{QyQ'+ 

+Q\QyQ'{QyQ' - 2Q\QyQ\QyQ' - 2Q\QyQ\QyQ') , 



where 



(2.23) 



The equation of motion for is identical to this and and can be obtained from the 
above by exchanging all Q^'s with Q^'s. 

We will look for static, axially symmetric solutions to the above equations of 
motion carrying charge under the U{1)b symmetry generated by *Fj^. To this end 
we set the time derivatives of and Ar^^ to zero where (r, ip) are polar coordinates 
on the plane. In addition we choose the gauge Ar = 0. We then get the following 
constraints between {Aq,Aq) and (-^12,^2) which arc particularly useful in solving 
for the scalar potentials, since they are only algebraic conditions on the latter. 



These relate the non-Abelian charge densities to the magnetic flux carried by the 
configuration, in each gauge group factor. In our vortex ansatz we can use this 
constraint to fix the form of Aq once that we have fixed an ansatz for A^p and for 
(5°. Note that this is a first order equation, but determines algebraically. The 
second set of Gauss constraints relate For to A^, yielding a second order differential 
equation. In addition to this we also need to ensure that the conditions Fq^ — (and 
Ar — 0) emerging as a consequence of azimuthal symmetry are consistently satisfied. 

Once we obtain explicit solutions to the Lagrange equations of motion, we can 
compute the mass of the soliton using the following expression for the energy density 




(g"(g")Uo + AV(Q")^ - 2g"iO(Q°)t) , 
(-(Q'')^<5"^° - i°(Q")^Q" + 2(Q")U°Q") 



(2.24) 




(2.25) 
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3. Vortex in the Higgs vacuum 



Let us first of all discuss tlie topology of tlie vacuum manifold 

_ SUiN)L X SUiN)n x ^(1), _ G ^ ^^^^^ 

( 1 ) unbroken H 

There is a subtlety in the definition of G that we now need to note. One combination 
of the centers of the SU{N)l and SU{N)Fi acts non-trivially on the matter fields 
and this action can be undone by a Z^r rotation in U{l)i,. The other combination 
results in a Z^r centersymmetry under which the matter fields are uncharged. Due 
to this reason, the fundamental group of G is given by 7ri(G') = Z © Zat, where the 
Ztv factor corresponds to non-contractible loops around which fields wind by a Za? 
rotation generated by the diagonal combination of the centers of the SU{N)l and 
SU{N)fi factors. We can then write the homotopy exact sequence: 

. . . ^ TTi (iJ) ^ TTi (G) ^ TTi (G/H) ^no{H)-^... 

. . . Z ^ Z © Zjv ^ 7ii{M) ^ ^ . . . 

From a straightforward application of the properties of the homotopy exact sequence, 
it follows that 

tti{M) = Zn. (3.2) 

The vortex solitons are classified by a Z^r topological quantum number; if we take 
a configuration made of N elementary vortices, they are not in principle any more 
topologically stable. 

From the topological point of view, a configuration made by vortices actually 
corresponds to a trivial element of 7ri{A4). However, there is another quantum 
number that can make the iV-vortex configuration stable. As we have explained 
above, in the U{N) x U{N) gauge theory, the perturbative states of the theory are 
not charged under the U{1)b global symmetry defined by the current in Eq. ( p.9| ). 
The vortex solitons we find will be charged under this symmetry and for this reason 
protected from decaying to the perturbative states. The U{1)b charge carried by 
these vortices is measured by the magnetic flux associated to carried by the 
soliton. These vortex solitons can also be thought of as states created by the 't 
Hooft monopole operators in the Higgs vacuum of the mass deformed theory. See 



[0 for a discussion of the corresponding operators in conformal field theories. 

In this section we will write an explicit ansatz for the elementary vortex in the 
U{N) X U{N) theory. The vortex solutions in the SU{N) x SU{N) theory can be 
obtained by simply projecting out the abelian part from the gauge fields {A^, A^). 
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3.1 Vortex Solution for U{2) x f/(2) 



We begin with the simplest example with N = 2. In this case the solution that we 
find is very similar to the one found in in the mass-deformed Bagger-Lambert- 
Gustavsson theory, which, for N = 2 corresponds to ABJM theory with gauge group 
SU{2) X SU{2) 1^^. The vortex ansatz should be axially symmetric in two dimensions 
and the scalar field VEVs should asymptote to the Higgs vacuum. We therefore take 
the ansatz, 

^"V27rV0lJ' ^ "V27rU*^^W0j ■ ^ ^ ^ 

where the second scalar winds around origin. The ansatz breaks completely, the 
SU{2)ji C U{2)ji gauge symmetry which acts from the right. A combination of the 
diagonal generator of SU{2)l with f/(l)fe is however, preserved, while all fields are 
neutral under U{l)i . The vacuum manifold 

M = {SU{2)l X SU{2)r X f/(l)b)/f/(l) (3.4) 

has the fundamental homotopy group, tti{M.) = Z2. However, as we have already 
noted, the solutions with generic winding numbers are stable due to the global U{1) 
charge associated to the symmetry generated by the current 

The spatial components of are 

eijXj I2 - as eijXj ^^ f ^ ^ 



^^ = ^^ = ^(1-/W)^V^ = ^(1-/W) ( 01 ) ' (3-5) 



from which follows that the magnetic fiuxes are 



12 — -^12 



r 2 r V 1 



(3.6) 



Computing the charge associated to the U{1) symmetry generated by the current 



*F-^, we find 



d'x ^e,.,F^ = k, (3.7) 



as expected for a state created by a 't Hooft operator. The scalar gauge potentials 
[Aq, Aq), are then determined by the constraints in Eq. (|2.24|) , and are given by. 



^ f 12 + 03 

^0 — 

jjr 4 





fO 


2/xr 


vol 


_/' 




2/ir 


{0 
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Inserting the above ansatz into the equations of motion, we get the following equa- 
tions for the vortex profile functions /(r) and '?/'(r), 

r + 2/i^^(^^ - 1) = , (3.9) 

/" - - + 4//iV' = , 
r 

These equations are consistent and any two can be used to derive the third. In fact 
they follow from first order BPS equations. The BPS equations can be obtained by 
considering the energy functional 



B = / 2„dr I + J- I ^ + + _ 1)2 |, (3.10) 



27r J V4/^ r A* V ^ 

Rearranging various terms we find the Bogomol'nyi completion, 



The first order equations obeyed by BPS solutions are equivalent to the three equa- 
tions ( p.9|) which are then automatically satisfied. 

We further note that, even though this is physically a Chern-Simons vortex, the 
equations for the profiles are formally the same as the ones for the BPS Abrikosov- 
Nielsen-Olesen vortex The magnetic field has a maximum at the origin, unlike 
the conventional Chern-Simons vortex. The BPS vortex mass is 

T = kfi. (3.12) 



Importantly, it is straightforward to check that the solutions above are left in- 
variant by the action of a U{1) subgroup of the colour-flavour locked symmetry 
SU{2)c+F in the Higgs vacuum. The unbroken U{1)c+f is generated by the com- 
bined action of the diagonal generator (proportional to a^) of the gauge SU{2)ji and 
that of the SU{2) R-symmetry which acts on the doublet {Q"}. Hence the soliton 
is endowed with an internal moduli space 

- SU{2)c+f/U{1)c+f. (3.13) 

Acting on the vortex with the broken generators of SU {2)c+f generates new solutions 
and changes the orientation of the non-Abelian flux within the S'f/(2)/j gauge group 
factor. Note that this does not change the global charge under *F^. 
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3.2 Vortex solution for U{3) x U{3) 



We now exhibit the exphcit ansatz and solution for the = 3 case. This will 
provide some intuition for how to obtain the general solution. The ansatz for the 
bifundamental scalars approaching the Higgs vacuum at infinity is 

= V ^ 1 , Q'-J^i V2K{r) , (3.14) 

where we have introduced one additional real profile function k for the scalar that 
winds around the origin. We find that k remains non- vanishing for all r. The spatial 
vector fields have the form, 





A = A = ^ ( -g(r) I , (3.15) 
.0 l-/(r), 



whilst the scalar gauge potentials are chosen to satisfy the Gauss law constraints: 
/O 0\ ^ /f' + 2g' 0\ 

The function / approaches unity at r = and vanishes as r 00. On the other 
hand, the profile function g{r) is zero both at r = and at r — >■ 00, and thus does 
not influence the flux carried by the solution. 

It is possible to obtain first order BPS equations for the ansatz by expressing 
the vortex energy energy functional as a sum of squares. The energy functional 

^ kfx f , A/')' + 2(^0' .,A2 . /x2 (f-gW + 2g^K^ 
2Trrdr 02 2 + (V' ) + 2(?70 + ^ ^ 



271 J \ Sr^jj,^ 

It is fairly easy to the infer the Bogomol'nyi completion which implies first order 
BPS equations, 

kl^ f I, if - g)i^Y kfx / , gn^'^ 



+kii j drdr {f{^' - 1) + g{2^i' - V^' - 1)) . 
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The system of fist order BPS equations can be solved numerically; the result is shown 
in Figure 1. The new function g does not influence the mass of the soliton since it 
vanishes both at the origin and at infinity. Hence the vortex mass is again: 

T = kfi. (3.19) 

It is straightforward to check that the gauge theory equations of motion are satisfied. 




Figure 1: The vortex profile for = 3. Left: ip (solid), k (dashes). Right: / (solid), g 
(dashes) . 



3.3 Vortex solution for U{N) x U{N) 

It is now straightforward to write the soliton ansatz for generic N. The field is 
taken to be constant and equal to its VEV in the Higgs vacuum Eq. ( p.l2| ). The 
non-zero entries of are parameterized as: 

{Q')n,n-i = \[^e^^ij{r) (Q2)^_,-^_,_i = .[^./JTlK,{r) , (3.20) 
V zvr \ Ztt 

with j = 1,2, . . . N — 2. The new radial profile functions will generically be non-zero 
whn solved for. An additional set of — 1 functions is also necessary for the gauge 
fields, 

A = A = '-^ Diag (0, -gN-2ir), . . . , -g,{r),l - f{r)) . (3.21) 

Of these, only /(r) influences the net magnetic flux, since the gg vanish at the origin 
and at inflnity. The time component of the gauge flelds are given by: 



(3.22) 



An 



2ur ° \ ' N -I ^N-l-j'N-l ^ N-l-j' ' N-1 
^ \ j=i J j=i J 



\ i=i .7=1 



A^- 1' 
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We have then to write 2(A^ — 1) first order BPS equations for these profile functions. 
From our solutions for = 2 and 3, we conclude that the BPS solutions satisfy the 
equations, 

DoQ^-iW^ = 0, DiQ^ + iD2Q^ = . (3.23) 

These equations lead to first order differential equations for the profile functions. 
The following set of equations is also trivially satisfied by our ansatze, 

DiQ'=0, D2Q' = 0, DoQ^ = 0, = . (3.24) 

Below, for completeness we list the first order equations of motion for general N, 

^ + 2 (iV - 1) /i^ (1 - V^2) = , ^ + 2 (A^ - 2) /i^ (1 + ^2 - 2kI) = , 

^ + 2(iV-l-j)/i'(l+J«:?_i-(j + !)«:?) =0, 2 < j < iV - 2 . (3.25) 
^>_ if-9i)i^ ^, _ {9j - 9j+i) ^ (l<j<iV_3), (3.26) 

, 9N-2 _ „ 

r 

It is straightforward to check that in general 

T = kfi. (3.27) 



The global SU{2)c+f for the Higgs vacuum is broken by the vortex soliton 
to U{l)c+F- This latter symmetry is generated by a combination of the diagonal 
R-symmetry generator, along with the generator proportional to (0, J%_i) of the 
SU{N)l gauge group and the generator of the SU{N)ii gauge group factor. 
Therefore, the vortex soliton for general also has a CP^ moduli space for its 
internal orientational degrees of freedom. 



3.4 BPS conditions and Supersymmetry Check 



In supersymmetric theories, the vortex first order equations are usually related to 
some amount of preserved supersymmetry (see for a discussion in the case of 
the U{1) Chern-Simons vortex). In the case at hand we will see that our solutions 
preserve one half of the supersymmetries of the full J\f = 6 supersymmetric mass 
deformed theory. To check the supersymmetry variations around the soliton vortex 
solutions we will need the general SUSY variations of the mass deformed ABJM 
theory. The supersymmetry transformations of the mass deformed theory differ very 
slightly from those of the conformal theory. We follow the notation of for the 
A/" = 6 SUSY transformations of the ABJM theory and infer the effect of the mass 
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deformation from the work of |30]. Let us check how many supersymmetries are 
preserved by the vortex solution. 



In order to parameterize the Af = 6 supersymmetries, let us introduce 6 Majo- 
rana real spinors = 1, . . . , 6) and use them to define uab, the spinor valued 

totally antisymmetric tensor of S'f/(4), 

ooAB = e.{nAB, cu^^ = e.((rr)^'', A,B = 1,..A. (3.28) 
Here F* are SO (6) gamma matrices, represented as a set of anti-symmetric matrices 



^^AB 



AB 



(3.29) 



the conventions for the fermionic part of the lagrangian are the same as in 
The explicit expression for uab is 

/ -66 - 265 £3 + -£2 " \ 

66 + ie^ 62 - iei 63 - ^64 

-63 - 164 -62 + iei 66 - 265 

y 62 + iei -es + -ee + 

With these conventions u;4i = = C1J42 and 0^43 = 07*2. These provide a 

parametrization of the SUSY variations of the SU (4) R-symmetry invariant AB JM 
theory. 



The Af = 6 SUSY transformations then read, 

SipE = 

+^x{M/ujfgC'') , (3.30) 



M/ = Diag(-l, -1,1,1), 



97r 

= - — {C'^{^^f^^uJEF+Uj''^l,i^EC^F) 



27r 



5A^ = —{{^YC^^^UEF + 



The matrix breaks the SU{A) R-symmetry to SU{2) x SU{2) and implements 
the mass deformation. On our solutions which have = 0, the SUSY variations of 
the four fermionic fields become 



5^i = Yu;i2D^Q^-LUi2W\ 

5^4 = I'^uJiiD.Q^ + Y^i2D.Q^ + to^iW^ + U42W^ 



(3.31) 
(3.32) 
(3.33) 
(3.34) 
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It is straightforward to check that, provided the equations (|3.23 , 3.24 ) are satis- 
fied, the following 6 SUSY generators are unbroken: 



UJl2 = 




(3.35) 



where 01,2,3 are three complex grassmann numbers. The vortex soliton is a 1/2 BPS 
object preserving six supercharges. 

It is important to stress that the ones in Eq. (|3.35|) are the unbroken supercharges 
for a vortex oriented in a specific direction in the SU{2)c+f space. What we are 
calling SU{2)f is an R-symmetry of the theory and is acting in a non-trivial way on 
the paremeters ujab, rotating the indices A, B = 1,2 as an SU{2) doublet and acting 
trivially on A,B = 3,4. As a consequence, if we rotate the vortex in the SU{2)c+f 
space, we are changing the set of the supercharges that are left unbroken by the 
vortex. 

3.5 Comments on the vortex effective theory 

In this section we have found a classical vortex solution for arbitrary k, N with 
minimal winding. This object breaks spontaneosly the SU{2)c+f symmetry to 
U{l)c+F- Due to this reason, acting with the broken symmetry we can build an 
= SU{2)c+F lU{l)c+F moduh space of classical vortex solutions. Our classical 
analysis above is valid when ^ 1, for fixed A^, when the theory is weakly coupled^. 
In the large N limit, the semi classical solutions can be trusted provided the 't Hooft 
coupling A = N/k <^ 1. 

In the next section we will see that the gravity dual, which should be a good 
description of the physics at large A, suggests that this is not all of the story. With 
this other approach a larger internal bosonic moduli space with dimension six is 
found for the elementary vortex. A possible interpretation of this result is that our 
ansatz in field theory is not general enough to accomodate the most general vortex 
solution. In our calculation we keep always the scalars = 0; it is possible that 
a more general solution with non-zero i?" exists. Another possible interpretation is 
that the extra four dimensions of the moduli space found in the string theory dual 
are an artifact of the strong coupling limit and of the supergravity approximation. 
We believe that the former of the two options is unlikely, as, after a fair amount of 

^The U(N) X U{N) theory with fc = 1,2 is supposed to have enhanced supersymmetry and 
global symmetry; of course in this regime we cannot trust the semiclassical approximation. Also 
the case with SU (2) x SU (2) gauge symmetry, which corresponds to the Bagger-Lambert theory, 
is different because there are extra global symmetries and supersymmetries. 
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study, we were unable to arrive at a reasonable possible ansatz for a more general 
solution. In order to solve the issue a detailed analysis of the bosonic zero modes 



of the solution along the lines of |^ should be performed. This analysis is not 
so straighforward, because we have first to guess the form of the generalized BPS 
equations, which are not completely obvious in this case. We leave this issue as a 
topic for further investigation. 

Let us denote with TZ the vortex internal moduli space {JZ will include at least 
the S'^ moduli space that we have discussed in this section). The vortex dynamics 
is then described by an effective quantum mechanics with target space TZ. The 
effective one dimensional sigma model involves not only second order term in the 
vortex velocities (the moduli space metric), but also first order term (which can be 
regarded as effective magnetic fields on the moduli space). These first order terms are 
a common feature of soliton dynamics in Chern-Simons theories [^, |T^. \iTZ = S^, 



we expect that the vortex dynamics is described by the quantum mechanichs of a 
charged particle on a 2-sphere in the background of the field of a magnetic monopole 
[0. This basic picture appears to be confirmed by our study of the dual gravity 



picture in the next section. 

Since our solitons are BPS objects and preserve some of the supersymmetries of 
the theory, we expect that the bosonic internal orientation moduli will be accom- 
panied by fermionic super-orientational zero modes. Monopole quantum mechanics 
with different amounts of supersymmetries have been studied in [|^] and |49]. The 



vortex solutions that we have discussed in this section are 1/2 BPS objects and so 
preserves 6 supercharges. There is a subtle issue about the vortex worlsheet the- 
ory. If the action of the SU{2)c+f symmetry on the supercharges would have been 
trivial, we would expect that the vortex dynamics was described by an S"^ quantum 
mechanics with 6 supercharges. Here the situation is different: only two of the six 
unbroken supercharges, the ones with 



(and all the other entries uab vanishing), are left unchanged by a generic SU{2)c+f 
transformation. So we expect that the effective quantum mechanics that describes 
the vortex has only two supercharges. 

A related question is the number of fermionic zero modes on the vortex back- 
ground. This is discussed in Appendix A for N = 2. We find a total of eight real 
fermionic zero modes is found, of which, only six are generated by the action of the 
broken supercharges. The issue of the vortex effective theory is rather tricky. The 
A/" = 6 mass deformed theory that we are considering has non-central extensions in 
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the super symmetry algebra |40, ^ (which means that the anti-commutator of some 
of the supersymmetry generators closes not only into a combination of translations 
and central charges, but also or R-symmetry generators). 



A description of the relevant supersymmetry algebra is given in |50|. Let us first 
introduce the mass deformed TV = 4 SUSY algebra. It consists of the Lorentz trans- 
formations Ca(3, the momentum generators Bap, the SU{2) x SU{2) i?-symmetry 
generators TZah = Tiba and Tt^j = 7^^^, and eight supercharges Qabt- The anticom- 
mutator of the supercharges is: 

{Qabc, Qsef} = ebee^jBaS " ^ITLeaS^^jTZbe + 2measebe'R-cf ■ (3-36) 

The A/" = 6 algebra, which is the relevant one for our problem, has four additional 
supersymmetries Q^, an extra U{1)a R-symmetry B and a central charge C. The 
non-trivial commutation relations are: 

[B, Q^] = ±Q^ , Q-p} = B^p - imt^pC. (3.37) 

The central charge C is given by the f/( 1 ) b symmetry. 

The vortex is a | BPS objects and so we expect that it comes in a short A/" = 6 
multiplet [0, |50|, which consists of four bosons and four fermions. This multiplet 



of eight states should be generated (via a Jackiw-Rebbi mechanism) by the three 
complex fermionic zero modes that correspond to broken supercharges. The other 
extra complex fermionic zero mode is then interpreted as the superpartner of the 
internal S"^ bosonic coordinate. This shows that for N = 2 there is no evidence of 
extra bosonic internal coordinates, which (if they existed) should have had fermionic 
super-partners. It might be that the situation changes for larger N , but we find this 
unlikely. 



4. Gravity dual of the mass deformed theory 



At any finite fc, the ABJM theory has the interpretation of A^ M2-branes probing a 
C^/Zfc orbifold singularity |^. In the large A^, strong coupling limit, this allows to 
identify the gravity dual as eleven dimensional supergravity on AdS^^ x /"Lk) with 
A^ units of four-form flux. Viewing the S'^ as a Hopf fibration of over CP^ at 
large fc, a reduction to type IIA string theory becomes possible. Then the gravity 
dual of the ABJM theory in the 't Hooft large A^ limit, as A; oo, with A = N/k 
fixed and large, is the type IIA string theory on AdS^ x CP^ The background 
has A^ units of Ramond-Ramond four-form flux on AdS4^ and k units of two-form 
flux on a CP^ C CPl 
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We will adopt a similar approach to obtain the gravity dual of the mass deformed 
AB JM theory. This is a two step process. First we recall the results of Lin, Lunin and 
Maldacena (LLM) 



^ and those of Bena and Warner |^^, for the mass deformation 
of the theory on N M2-branes probing fiat space. The large N gravity dual of that 
theory (with a large set of vacuum states) is given by the SO (A) x 5*0(4) symmetric 
LLM solutions of p3. We will take this gravity solution and perform a quotient 
on it to yield the mass deformed ABJM theory for generic k. Subsequently we will 
reduce this to a type IIA solution in the limit of large k and investigate the dynamics 
of vortices in this strongly coupled description. 



4.1 The background for k = 1 

For k = 1, which is the mass deformed theory on a large number of M2-branes, 
the dual eleven dimensional metric in the notation of |^ , takes the form 



dsj, = e^^/^-df + dwl + dwl) + e-2*/3 ( (dx^ + dy^) + ye^ d^ll + ye"^ d^, 

2?/ cosh G, 2 z(x, y) = tanhG. (4.1 



2$ 



/l2 



The functions z and Vi on the x — y plane are specified by a choice of the positions 
of M5-branes wrapping one or the other of the two S'^'s in the geometry. The distri- 
bution of wrapped M5-branes picks out a particular vacuum of the mass-deformed 
M2-brane theory. The wrapped M5's arise as usual due to the deformation which 
blows up multiple M2-branes into fivebranes. 



Let us make a few technical remarks in order to make contact with the notation 
used in by Bena and Warner. In the coordinates (x, y) are replaced by 
(m, f). The relation between the two choices of variables is the following: 



x = AL\u^-v^), y = 8L'uv. 



(4.2) 



where L is a constant that corresponds to the scale of the mass deformation. Further, 
the solution in ||2^ is given in term of a function g{u, v); the relation between g and 
the function z{x,y) used above |2^ is. 



9x9 



X 



2Wx^ + y^ 



(4.3) 



Finally, the constant /^^ in has to be set equal to 1/8 in order to obtain the 
non-singular solutions discussed in 
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For the sake of completeness let us also write down the three form potential in 
this background, 



C, 



dt A dwi ^dw2 + A dVL2 A {d\ + dip) + B dVL2 A {dX - dip) . (4.4) 



The functions A and B are then more straightforward to write in the Bena- Warner 

L^u{u^ + v^){d^g) 



notation 27 



(4.5) 



B 



1 

1 



2L2-u2 _^ v{d^g) - u{dug) 



where /3 = l/v8. 



The vacuum of the mass-deformed M2-brane theory is specified by the choice of 
the functions z{x,y) and Vi{x,y). In particular, since the Higgs vacuum in the field 
theory corresponds to an irreducible representation for the N x N matrices giving 
VEVs to the bifundamental matter fields, we expect that there is a single dielectric 
M5-brane made from blowing up the M2-branes. In the large k limit, where the 
semiclassical analysis of the ABJM theory holds, we saw a fuzzy two sphere structure 
^ which can be interpreted as D2-branes polarized into a single wrapped D4- 



brane in type IIA theory. When lifted to M theory this becomes a single M5-brane. 



In the free fermion picture of this is represented as in Fig. 2 as a black strip, 
corresponding to a highly energetic particle state. The position of the strip on the 
X-axis and its width are dictated by the number of M2-branes and the number of 
wrapped M5's. 




Figure 2: The Higgs vacuum is given by one wrapped dielectric M5-brane which translates 
to a highly energetic particle in the fermion fluid picture. 



The strip in Figure 2 represents a section of the geometry at y = 0. The vertical 
axis is the coordinate x. In the black region the first sphere shrinks to zero size. 
Similarly, in the white region the second sphere shrinks to zero. At the boundary 
of the white and the black regions, both the three-spheres shrink. Let us denote with 
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(a, b) the position of the lower and upper bounds of the black strip in Figure 2. In 
term of the function z{x,y) this means that, 



z{x,y = 0)= -, for 0<x<a and x>a + b, (4.6) 

— - , for a < X < a + b and x < . 
2 ' 

We can consider arcs in the {x, y) plane that enclose a black or a white strip (see 
for example the arcs 1 and 2 in Figure 2) and construct a four-sphere by taking one 
of these arcs and tensoring with the that shrinks to zero at the tips of the arc. 
The flux of F4 over each of these four-spheres is equal to the thickness of the strip 
enclosed by these arcs. For this reason the thickness of each strip must be an integer. 

The fluxes on the four-spheres that are enclosed by the arcs 1 and 2 are pro- 
portional to (6 — a) and a, respectively. If [b — a) << a, we may think of the first 
S'^ (constructed using arc 1) as being transverse to the M5-branes. Then [b — a) 
corresponds to the number of M5-branes which are blowing up on a three-sphere. 
The second 5*^ arises in the following way. Let us consider the three-sphere that the 
M5-branes are wrapping. At the center of the space this three-sphere is contractible. 
As we move away from the center towards the M5's, the backreaction of the branes 
on the geometry makes the contract again. This produces the which is enclosed 
by the arc 2 in Figure 2. The product of the two fluxes is the total M2-brane 
charge. 

The Higgs vacuum configuration is given by the following solutions for z and Vi, 



1 I X X — a X — b . 

Vi = -\ , ^ ^ + ^ 1 , a = N' ,b = N' + 1, 

2ly^^T7 ^/ix-ay + y^ ^(x - 6)2 + |/2 



where A^' is the M2-brane charge. In the notation of where the solutions are 
written in terms of the function g, (see Eq. (|4.3| )), 



-^/{x - by + y^ + ^/{x - a)2 + y^ 
9 = 3 • I4.8j 



We can also consider more general solutions, with an arbitrary number of black 
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strips, 



z 



M ^ + V ^ - _ _ ^ - ) (49) 

1 / 1 1 1 



where (oj, 6j) are the positions of the lower and upper bounds of each of the strips. 
On the field theory side, these correspond to other vacua of the theory. The full set 
of strip configurations with a fixed M2-brane charge A^', can be classified by Young 
Tableau with A^' boxes. Their total number is given by the number partitions of N' . 
As pointed out in 0, there is a mismatch between this and the number of vacua in 
the classical field theory. The solution to this puzzle is still unknown. It is possible 
that this is due to the fact that not all vacua of the theory can be realized within the 
supergravity approximation. Another option is that quantum effects may possibly 
break supersymmetry in some of the classically visible vacua of the mass-deformed 
ABJM theory. 



4.2 Zfc quotient and reduction to type IIA 



In this section we perform a quotient of the k = 1 solution. In order to keep the 
number of M2-branes fixed and equal to A^, we have to set A^' = kN. 



Let us parameterize the eight directions transverse to the M2-branes, in terms 
of the four complex coordinates Zi, {i = 1, . . .4), 



zi = u sin 7] e^(^+^+'^) , Z2 = ucos7] e^(^-^+'^) , (4.10) 
z^ = v sin fj e^(-^+^+'^) , Zi = v cos fj e^(-^-^'+'^) . 

In this parametrization, the metrics for the two three-spheres in the eleven dimen- 



sional background 



d^l = drf + sm^2r]de'^ + {{d\ + d^) - cos2r]dey, (4.11) 



d^l = df + sin^ 2fi dO^ + {{dX - d(f) + cos 2fj dOf. 

So each is viewed as a Hopf fibration of an S*^ over 5*^, and the background has an 
5*0(4) X 5*0(4) isometry, acting naturally on the three-spheres. The mass deformed 
ABJM theory should only retain an SU{2) x SU{2) x U{1) x f/(l) isometry. This 
can be achieved by an appropriate quotient action on a linear combination of the two 
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S s, namely the ip coordinate. The quotient we perform, acts on the coordinates 



as 



Zj Zj e'^ , ip ^ ip + 27i/k. (4.12) 



Hence in the hmit k oo, the period of the angular coordinate (p shrinks and we 
may pass to the weakly coupled type IIA description. To implement this, it is useful 
to first perform a rescaling (p <f/k, and then write the eleven dimensional metric 
as 

dsj, = e^^'\-de + dwl + dwl) + e-2*/3 [h\dx^ + dy^) + ye^idif + sin^ 2r]de^) 

(4.13) 



2 



+ye~^idTf + sin^ 2?) dO"^) H \dX-- cos 2r]d0 + - cos 2?) dO 

coshG \ 2 2 

+2y coshG -r7:(d{p + kuY 
k^ 

Here ip has period 2tt and u is the one-form, 

uj = tanh GdX — cos 27] dO — cos 2?) dO. (4.14) 

2 cosh G 2 cosh G 

This metric has the manifest SU (2) x SU (2) isometry of the two spheres, and the two 
f/(l) isometrics corresponding to shifts of (p and A. We see below that when we focus 
on a specific vacuum of the mass deformed theory, the resulting metric asymptotes 
to AdS^ X S'^ /Zk as it should. 

With this choice of the vacuum we can now determine some features of the 



geometry including the large r = a/x^ + asymptotics. As r — >^ oo, we find 



Nk ,o 1 

J.3 ' 2ir 



e"2*~— , , e^~cot^, (4.15) 



so that the metric asymptotes to AdS^ x S"^ /Zk 

„2 ^^2 



ds^^ 



^ ^^2 ^ ^^2) ^ (iVfc)V3_ + 2{NkY/'dslr/^^. (4.16) 



Subsequent reduction to type IIA in the large k limit will give the AdS^ x CP^ 
background of 0. 

Let us quickly sketch how to pass from the eleven dimensional description to the 
10-dimensional type IIA one. Writing the metric as 

ds^ = Gl^Jx'^dx'' + e^\dx^^ - Amdx'^f , (4.17) 
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then the scalar e^"' is proportional to the string theory dilaton e^"^. Comparing with 
our eleven dimensional background, we conclude that 

g0 = £-1-/2 -3/2 _ ^4_^g^ 

It is easy to check that the dilaton is bounded and therefore small everywhere, for 
large enough k. In addition, the dilaton vanishes at x = a = Nk and x = b = Nk + 1. 



Finally, we can write the string frame metric as, 

^4ring= e"^/' GZdx^dx- (4.19) 
= e^{hk)-^ [-de + dwl + dwl) + e-^{hk)-^ [h^{dx^ + dy'') + 



ye^{d7f + sin^ 2ridd'^) + ye~^{d7f + sin^ 2fid9'^ 



) + 



2?/ 



coshG 



1 



1 



d\ cos 2r]dd ^ — cos 27] dO 



and the Ramond-Ramond one-form potential Ci 

Ci = ku 



(4.20) 



where u is the one-form defined in Eq. ([4.14|) . The type IIA background will also 
have a B2 Neveu-Schwarz potential switched on and a three-form Ramond-Ramond 
potential originating from the eleven dimensional three form C3. We will not need 
these for our analysis of the dynamics of the probe DO-brane which is identified as 
the vortex soliton of the mass deformed ABJM theory. 



4.3 Probe DO-brane dynamics 



The vortex soliton in the mass deformed ABJM theory carries a charge which is an 
integer multiple of k, under the U{1) symmetry generated by On the string 
theory side, this symmetry is generated by, 

J = kQo + NQ^, (4.21) 

where Qq and Q4 are the DO-brane and the D4-brane charges. Hence it is natural 
to identify the vortices (which indeed carry k units of J charge, as we saw in the 
field theory) with the DO-branes. In the type IIA brane picture, we expect that the 
mass-deformed ABJM theory (for A; ^ 1) is realized on dielectric D4-branes arising 
from a blown-up configuration of D2-branes. A DO-brane can form a bound state 



- 26 - 



with the dielectric D4-brane and appear as a vortex sohton in the three dimensional 
gauge theory^. 

The action for a probe DO-brane is given by the sum of the Born-Infeld and of 
the Chern-Simons term, 

^Do = J (e-'^ + Ca) . (4.22) 

Let us first consider, a time independent probe DO-brane. Then the only contribution 
to the action comes from the Born-Infeld term. We identify this with the mass of 
the vortex 

m = ke^h = k ^ (4.23) 
This quantity is minimized when 

and the value of the soliton mass is 

m = k. (4.25) 

This matches with the value computed for the mass of the vortex soliton in Section 
3 (in our string theory calculation we are working in the dimensionless units with 
/i = l). 



4.3.1 Probe moduli space 



It is fairly clear from ( [4. 241 ), that the probe action attains its minimum value along a 



one dimensional curve in the {x, y) plane. The moduli space for the probe DO-brane 
is therefore a six dimensional manifold V obtained by S"^ x S"^ x S"^ fibred along the 
one dimensional curve given by Eq.( [4.24| ), where the is also non-trivially fibred 
over the two 5'^'s. The shape of V projected onto the {x, y) plane is shown in Figure 
3. For each value of x, with 



xi < X < X2'i xi = h — Vfe^ — ah , X2 = yob , (4.26) 



there exists only one solution to Eq.( ^.24j ). Denoting this solution as y(x), we may 



consider sections of V at constant x. for generic Xi < x < X2 the section is five 
dimensional and can be parameterized with the five coordinates (77, 9, fj, 6, A). 



^This picture is rather similar to that of flux tubes and vortex strings in Af — I* theory |37| 
which arise from F1/NS5 and D1/D5 bound states. 
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Figure 3: The curve Vi = in the (x, y) plane, where the DO-brane action is minimized. 
In this plot we have used the numerical values a = 100, b = 101. At the points where the 
curve intersects the rr-axis, one of the two 5^'s and an shrink to zero size. The point 
near x = 91 corresponds to the vortex solution visible in the field theory. 



The topology of a cross section at a generic point of the segment with xi < x < X2 
is equivalent to x S"^. When x = xi the obtained by fibering over S"^ shrinks 
to zero size. This section of the moduli space is parameterized by the 5*^ coordinates 
(?7, ^). At a; = X2, the obtained by fibering over S'^ shrinks to zero and the 
section is parametrized by the 5^^ coordinates (r;, 9) . 

The solitonic vortex solution that we have found in the weakly coupled limit 
in Section 3 maps to the probe DO-brane at x = xi at strong coupling. At this 
special point the S"^ is finite sized. The dielectric D4-brane wraps this S"^ and the 
probe DO-brane spontaneously breaks the associated SU{2) isometry. The position 
of the DO-brane on this S"^ corresponds to the internal orientation of the vortex in 
the colour-flavour space. At this point, the shrunk S"^ and imply that the vortex 
solution explicitly preserves an SU{2) x U{1) global symmetry. The unbroken SU{2) 
can be identified as the symmetry that acts on the doublet [R^^E?) in the field 
theory. 



4.3.2 Moduli space effective action 



From the probe DO-brane action it is straighforward to find the vortex effective 
theory. The bosonic part of the vortex quantum mechanics is a 1-dimensional sigma 
model with target space P, which can be parameterized by the five coordinates 
(x, Tj, 9, fj, 9, A) (the value of y = y{x) can be found by inverting Eq. ( f4.24| )). Allowing 
a slow time dependence for the vortex position in V, the the DO-brane action can be 
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expanded out up to second order in time derivatives 



SdoI-p — k + Si + 5*2, 



(4.27) 



where the first contribution is the DO-brane/ vortex mass, and 5*1, 5*2 are the first 
and second order derivative terms respectively. The moduh space metric can be read 
from the Born-Infeld part of the action, while the first order terms follow from the 
coupling of the DO to the Ramond-Ramond one- form, Ci = kuj. The second order 
kinetic terms are 



^2 



dt 



ai[fi^ + (sin^ 2r/) e'']+a2[ff + (sin^ 2fi) 6'' ) + 

2 



(4.28) 



The coefficients of the second derivative terms evaluated on the moduli space, are 



ai = h{l + 2z)\^, 
k 



1 



0,2 



k{l- 2z) 



a4 = k{l- Az"^ 



V 



(4.29) 



A numerical plot of the functions aj is given in Figure 4 and 5. The six dimensional 
moduli space is a deformation of CP'^, preserving an SU (2) x SU (2) x U{1) isometry. 





Figure 4: Kinetic terms oi, 02 (in units of A;) for each of the sphere components 5"^, 
as a function of {x,y). 



The first order terms in the DO-brane action are 



Si = J dt (ai cos 2r]9 + a2 cos 2r]9 + (ai — a2)\ 



(4.30) 



which describe the motion of the particle in the presence of k units of magnetic flux 
through S'^ and S^. 
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Figure 5: Kinetic terms as, 04 (in units of k) as a function of (x,y). 



We may add a total derivative term to the action and put it in a form where the 
physical interpretation becomes manifest, 

Si = j dt {{ai cos 2r/ - 1) ^ + (03 cos 2?) - 1) ^ + (ai - a2)\^ . (4.31) 

Now, it is interesting to look at this action at the point in the (x, y) plane that 
naturally corresponds to the 5*^ moduli space of vortex solitons that we have found 
at weak coupling. This is the point {x,y) = (xi,0) or equivalently z = ^. At this 
point where S"^ vanishes, the action is precisely that of a particle moving on with 
radius \fkj2^ in the presence of a Dirac monopole connection of strength fc. 



^vortex 



=i 2 



^ [j]^ + sin^ 2rie^) + (cos 2ri - 1)6 



(4.32) 



Note that this is the Dirac monopole connection on the "north pole" patch, and is 
singular at the south pole. This is similar to the non-Abelian Chern-Simons vortex 
discussed in At the classical level, it appears consistent to identify this as the 



moduli space action for the vortex soliton we found at weak coupling since it preserves 
the same symmetries. It is interesting that the radius of this sphere is quantized and 
determined by the Chern-Simons level k. This also appears to be manifest at weak 
coupling where the radius of the fuzzy two-sphere in the Higgs vacuum, in Eq. (|2.16|) , 
after dividing out by a factor of to normalize the corrdinates, is proportional to 



5. Discussion and Conclusions 

In this paper, we found |-BPS vortex solitons in the Af = 6 mass deformation of 
ABJM theory. We verified that they preserve six supercharges. These vortices in 
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the Higgs vacuum have internal, non-Abehan, orientational collective coordinates 
which are responsible for a CP^ moduli space of solutions. We also obtained the 
strong coupling gravity dual of the mass deformed theory and its Higgs vacuum, 
by performing a quotient on the solution found in ^7\, 2^. Probe DO-branes in 



this background correspond to the Chern-Simons vortices. We found that the probe 
DO-brane exhibits a much larger moduli space than expected for the classical vortex 
soliton. Within this larger moduli space we could however identify a section which 
coincides with the classical moduli space of solutions originating from the breaking 
of a colour-flavour locked symmetry. The dynamics on this section is that of a point 
particle moving on a sphere of radius coupled to a Dirac monopole field of 

strength k. 



The enlarged moduli space V at strong coupling leaves us with a puzzle. We 
think that the extra four dimensions in the moduli space are an artifact of the strong 
coupling limit and of the supergravity approximation. Another possible explanation 
could be that we have not found the most general vortex solution because our ansatz 
was not sufficiently general. We believe that the latter explanation is unlikely - it 
appears difficult to arrive at a reasonable ansatz that could realize this possibility. 
Also, as discussed in Section (|3.5| ), the number of fermionic zero modes (which has 
been computed for = 2 in Appendix A) does not suggest the existence of extra 
bosonic zero modes. Another particularly interesting feature of our solution, which 
introduces further subtleties, is that the colour-flavour locked symmetry actually in- 
volves a locking between an SU{2) R-symmetry and the global gauge rotations. This 
is unusual in that although a static vortex solution preserves six supercharges, an 
adiabatic variation of the internal orientational modulus preserves only two super- 
charges. The full implications of this for the vortex effective theory also need to be 
understood. 



Acknowledgements: We would like to thank Tim HoUowood and Dave Tong 
for discussions. 



Appendix A: Fermionic zero modes for N = 2 



In this appendix we compute the number of fermionic zero modes on the vortex 
background for N = 2. The equations for the two sectors ^ and x decouple from each 
other and can be analyzed separately. We find four real zero modes in each sector. 
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A.l ^ sector 

On the vortex background, the fermionic part of the action for this sector can be 
written as: 



-t TrieyrD.^j + Tr (^(-1^ - Q\Q, + QlQ2)mi)+ (A.l) 

+(-1^ + QlQi - QlQ2mk2) - 2QlQ2{^k2) - 2g^gi(eki)+ 

The following Dirac equations are found: 

-T'^Z^^ei+y - QiQ^ + Q2Q2) - 2i2Q\Q2 + {QiQ\ - Q2Q\)ii + 2Q2Q\i^ = 0, 

-i^D^i2+'^ + glQi - g^g2) - 2CiQ^gi + (gag^ - gigl)6 + 2gigki) = o . 

Let us write exphcitly the equations for A = 2. The following notation is used: 

V C21 C22 / ' V C21 C22 / 

We get two systems of two coupled equations and four decoupled equations: 

-I'd^iii - ^7° 2^61 - - + 2e''^^ei2) = , (A.3) 

2 1 

-l'd^l2 - i{l - f f^ 62 - 2//e-^'^V'6i = . 

-7'^9^|22 + ^7° 2^62 - //(62(1 - V'') + 2e-^^Ve2i) = , (A.4) 

2 1 

-T^^^^i + ^(1 - /) ^7 -^7 _ 2^e^'^^e22 = . 

-7^9^62 + ^70^62 - //(I + V'')62 = , (A.5) 
-rd.^n - ^7°^6i - + = , (A.6) 

-rd,Ci2 - i{l - f f^' ~^^\ i2 - 2/^62 = , (A.7) 

2 1 

-rd,i2i + i{l - f f^ 61 - 2//61 = . (A.8) 
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It is straightforward to check that Eqs. ( |A.5|) , ( |A.6|) have no square-integrable 
solutions. Using the BPS equations, we get the system: 



22 



0, 



(A.9) 



then acting with {di + 182) on the first equation we get {dl + dl)^22 + 4/U^'?/'^^22 = 0; 
which has no square-integrable solutions. Eqs. (|A.7| ), (|A.8|) also does not give any 
zero modes, they correspond to a 2-dimensional fermion with a Dirac mass term in 
the background of a vortex (this case is studied in 



Let us go back to the two systems ( [A.3[ ), ( [A.4| ). They are trivially related by a 
complex conjugation. Let us use the variables 77 = ^11,^22 ^^^^ A = ^12,^1: 



-82 -di 
-di 82 

-82 -di 
-di 82 



f f z 



2rfi \ —i J \ri 



y/r—x/rj \A_/ \ri 



A_ 



0. 



0. (A.IO) 



After a change of the 7 matrices basis, the equations become: 
/ -di-id2\ r}+\ f r]+\ ,2^ ( V+ 



-di + id2 



2r^ I 1 



lip 



0, 



-di - id2 
-di + id2 



A_ 



+ 



1-/ 



e*^ 
-e~'^ 



A+ 



V- 



The problem is reduced to the one of finding the kernel of the operator: 



V 



( -di + id2 -2^06''^ 
-2fi^pe-'^ -di - id2 + ^^e'^ 








V 












-di - id2 -2//Ve''^ 
-2/i'0e-*^ -{di - 182) - i^e-^"^ / 



acting on (77+, \_,ri_, A+)*. Let us introduce the ausihary operators 

^ V -di - 182 + i^e*^ 



(A.ll) 



(A.12) 



(A. 13) 



-di - 182 



-2nipe 



up 



-2fxije-'^ -{di - 182) - ^e~'^ 



A computation with the index theorem |53[ tell us that 

dim(kernelX') — dim(kernelP^) = . 
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The operators "Di and Vl have a trivial kernel; index theorem then can be used to 
show that Vl and V2 have a kernel with real dimension two. This shows that 

dim(kernelX') = dim(kernelX'^) = 2 . 

A related calculation can be found in |Q. We get 4 fermionic zero modes from the 
^ sector. 

A. 2 X sector 

The relevant fermionic action is: 

-t Tr(xt) V^.X/ + ^ Tr (^{QIQ, + QIQ, + l^Mxi + xk2)- (A.14) 

-xliQiQl + Q2Ql)xi - xkQiQl + Q2Ql)x2 + Q\x2QIxi - Q\xiQIx2- 
-Qlx2Q\xi + Q\xxQ\x2 - Q1AQ2A + QxAQ2A + Q2AQxA - Q2x1Qix5) • 

The Dirac equations follow: 

-rD^Xi+'^ + QIQi + QIQ2) - {QiQ{ + Q2QI)xi + 2Q2.xIQi - 2Qi.xIQ2^ = 

-7"^^X2+ Y (^2(1^ + Q{Qi + QIQ2) - {QiQ\ + Q2Q\)X2 - 2Q2.x\-Qi + '2Qi.xIq^ = 
Let us again specialize to = 2. The following notation is used: 

Xi-f^'"^'^). X. = (A.15) 

V X21 X22 / V X21 X22 J 

The details of the calculations are rather similar to the ones for the ^ sector. We get 
two systems of two coupled equations and four decoupled equations: 

-rd^X22 + ^7°^X22 + - ^')X22 + 2V'e''^x;i) = , (A.16) 

2 1 

-l'd,X2i + ^(1 - f f^ X21 + 2/iV^e^^x;2 = . 



-l'd,X22 + ^7°^X22 + /i((l - ^')X22 - 2^e^^X2i) = . (A.17) 

2 1 

-rd,X2i + ^(1 - f f^ X21 - 2f^^e'^X22 = , 

-l^d.xu - ^7°^Xii + /^(l + = , (A.18) 
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2r/i 

2 1 
2 1 

-rd,xi2 - ^(1 - f f^ Xi2 + 2^X12 = , 



(A.19) 

(A.20) 
(A.21) 



The four decoupled equations (|A.18|) - (|A.21|) have no square-integrable solutions. 

The two systems ( [A.16| ) and ( |A.17| ) are equivalent. Let us use the variables 

V = X22, X22 and X = x*2i^ X*2v 



-82 -di 
-di 82 

-82 -di 
-di 82 



+ 



-y/r —x/r 



lip 



0. 



0. (A.22) 



Changing the 7 matrices basis: 



-^1 -id2 \ I 
-di + id2 i U_ 



I 
2rfi I -1 



V- 



tip 



0, 



-di - id2 
-di + id2 



A+ 



+ 



1-/ 



A+ 



lb 2/^-06" 



V- 



0. 



e''^ 

^ ' (A.23) 

The problem is reduced to the one of finding the kernel of the following operator: 

/ -di + 182 ±2/i'0e''^ 

±2ntpe-'^ -di - id2 + ^^e^^ 
2/x(l - ip"^) -^1 - id2 ±2^jLipe''^ 

±2//'0e-*^ -{di - 182) - ^^e-^^ 



V 



\ 



\ 



(A.24) 



7 



The following ausiliary operators are introduced: 



/ -di + 182 



^ V ±2/i^e~*^ -di - id2 + ^e*^ 



(A.25) 



1^2 



±2fiilje 



lip 



A computation with the index theorem also tell us that 

dim(kernelP) — dim(kernelP^) = . 

The operators T>i and Vl have a trivial kernel; index theorem then can be used to 
show that vl and have a kernel with real dimension two. We get a total of four 
zero modes from the x sector. 
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